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specific impulse of 1800 sec. The best over-all efficiency was
20% at a specific impulse of 1800 sec. It is estimated that
simple thermal design cleanup of cathode and vaporizer units
will allow operation at 140 w/mlb and 29% overall efficiency
at 1800 sec. Preliminary testing with several electrostatic
thrust vectoring concepts has resulted in the identification
of some critical operational problems without a successful
demonstration of beam vectoring. No fundamental barriers
have been identified, however, and the investigation of elec-
trostatic vectoring is proceeding.
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Aerodynamic Design of Axisymmetric Hypersonic Wind-
Tunnel Nozzles

JAMES C. SIVELLS*
ARO Inc., Arnold Air Force Station, Tenn.

A unified approach to nozzle design is presented in which an inviscid contour is first deter-
mined and then corrected to account for the growth of a turbulent boundary layer along the
contour. The inviscid contour is obtained by the axisymmetric method of characteristics
from a prescribed distribution of velocity along the nozzle axis. The velocity distribution
matches theoretical transonic conditions at the throat, conical-source flow conditions through
an intermediate region, and design flow conditions at the nozzle exit. The second derivative
of the axial velocity is continuous throughout and is zero at the exit point. The interdepen-
dence of some of the nozzle parameters is discussed. A semiempirical method is presented
for calculating the boundary-layer correction. Calculated values agree within about 15%
with experimental values obtained in 50-in.-diam, water-cooled nozzles over a Mach number
range of 6 to 10.

Nomenclature

A * = sonic area
ae,aQ = speed of sound at Te and TQ, respectively
#1,2 = coefficients in Eq. (73)
Ci_4 = coefficients in Eq. (28)
C/jCfi = skin-friction coefficients, compressible and incompres-

sible flow
D0_5 = coefficients in Eq. (37)
Fc = T'/T.
Gn = integrating factor for nth point
H = boundary-layer form factor, 8*/0
Hi = form factor, incompressible flow
K = square root of mass flow ratio
k = (7 + l)/(r - 1)
M = Mach number
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R = ratio of throat radius of curvature to throat radius
#1 = n/r*
RXe = freestream Reynolds number based on x
R0,R0i = compressible and incompressible Reynolds numbers

based on momentum thickness
r = radial distance from source
TI = value of r when M = 1
r* = radius of geometric throat
S = R + 1
S = X-n— 1 Xx— 2
T,TS = static and stagnation temperatures within boundary

layer
T&vr = adiabatic wall temperature
Te,To = freestream static and stagnation temperatures
Tw — wall temperature
T' = reference temperature
t = xn — xn-1
U,Ue = transformed velocities within and at edge of boundary

layer
U)Ue = velocities within and at edge of boundary layer
W = (velocity)/(velocity at sonic point)
XE = (XE - xi)/ri
x = axial distance from source [except Eqs. (12, 14, and 17)]
Y = transformed distance normal to surface
y = distance normal to axis
a = factor in Eq. (62)
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7 = ratio of specific heats
A = edge of boundary layer
6* = boundary-layer displacement thickness neglecting

transverse curvature effects
8a* = axisymmetric displacement thickness
e = sonic point displacement distance, Fig. 1
f =(x - XI)/(XB - xi)
B = boundary-layer momentum thickness
X ==[2/(7+ 1 )S]i/»
»e,fjiw = viscosities at Te and Tw, respectively
£ = (x - XB)/(XC - XB)
pe,po = density of Te and TQ, respectively
(j> = wall angle at edge of inviscid contour
\j/ = Prandtl-Meyer expansion angle, two-dimensional flow
f = expansion angle in radial flow
w = wall angle at inflection point

Subscript

A,etc. = value of quantity at point designated in Fig. 1

Introduction

THE aerodynamic design of wind-tunnel nozzles has
evolved from the two-dimensional type used for super-

sonic testing to the axisymmetric type as the test Mach num-
ber has increased into the hypersonic regime. Even at Mach
4, the designers of low-density tunnels1 turned to axisymmetric
nozzles because of the adverse effects on the boundary layer
produced by the transverse pressure gradients inherent on the
side walls of two-dimensional nozzles. At higher Mach num-
bers, the use of axisymmetric nozzles alleviates the throat
design problems caused by the combination of high stagnation
enthalpies and large area ratios.2

Before the advent of high-speed digital computers, it was
extremely time-consuming2 to calculate the nozzle flow by the
axisymmetric method of characteristics.3 To save time,
Foelsch4 assumed radial (source) flow to exist in a region of
the nozzle and developed an approximate method of convert-
ing the radial flow to uniform flow. Beckwith et al.2 showed
that Foelsch's approximations were quite inaccurate but
utilized the idea of a region of radial flow followed immedi-
ately on the axis by uniform flow. This procedure produces
a discontinuity in velocity (or Mach number) gradient on the
axis, which in turn produces a discontinuity in curvature on
the contour.5 These discontinuities were eliminated by Yu5

and Cresci6 by following the radial flow region with a region
in which the streamline velocity (or Mach number) gradients
are continuously reduced from the radial-flow values to zero
at the beginning of parallel flow.

In 1958, a 50-in.-diam Mach 8 nozzle was designed and
built for the von Ka"rman Gas Dynamics Facility at the
Arnold Engineering Development Center. This nozzle7 in-
corporated a downstream contour developed by Cresci,6 a
semicubic throat contour, and a boundary-layer correction
obtained by the method of Ref. 8. The success of this nozzle
led to the design and construction of a 50-in.-diam Mach 10
wind tunnel that became operational in 1961. As described
in Ref. 7, the downstream contour was so designed that an
additional throat section could be used to produce a Mach 12.
Both throat sections have a semicubic contour. The flow at
both Mach numbers is considered to be satisfactory.

Later, a method was developed for computing the super-
sonic part of a throat contour by the method of characteristics
combined with the transonic solutions of Hall.9 With the
development of the method of computing the throat contour
and a modification of Cresci's method for the downstream
contour, the general approach to the inviscid aerodynamic
design of hypersonic nozzles becomes unified. This approach
is presented herein, along with some recent modifications to
the method of Ref. 8, for calculating the turbulent boundary-
layer correction to the inviscid contour. If the boundary
layer is laminar, the method of Ref. 10 can be used to correct

E B c

Fig. 1 Regions of inviscid contour.

the inviscid contour. The inviscid throat contours of two of
the nozzles described in Ref. 10 were designed by the method
to be described.

Inviscid Contour Design

In spite of the advances in transonic flow theory, computa-
tional difficulties are experienced11 in using the method of
characteristics starting with an assumed shape of the sonic
surface and the shape of the wall in the vicinity of the throat.
On the other hand, once an axial velocity distribution has
been specified, the method of characteristics can be used to
obtain a contour that will produce the prescribed velocity
distribution. Improvements in contours thus depend upon
improvements in the selection of the axial velocity distribu-
tion. The transonic solution is used merely to relate the
throat radius ratio R with the displacement e of the sonic point
on the axis from the geometric throat and with the derivatives
of the axial velocity distribution at the sonic point.

In the present method, the axial velocity distribution is
divided into three parts as illustrated in Fig. 1. From sonic
point I to point E, where radial flow is assumed to begin, the
velocity distribution is described by a fourth-degree poly-
nomial. From point E to point B, radial flow is assumed.
From point B to point C, where uniform flow begins, the
Mach number distribution is described by a fifth-degree poly-
nomial. The coefficients of the polynomials are chosen such
that the second derivative of the axial velocity is continuous
throughout and is zero at point C.

In Refs. 2 and 12, a linear distribution in M was used be-
tween points I and E, and points G and A were coincidental
as were points B and C. The use of a radial-flow region is
preferred over designs1 '13'14 that define the axial distribution
between points / and C with a single equation, in that the
inflection point is well defined with the wall angle at the inflec-
tion point as one of the nozzle parameters. The conical
region from point G to point A is useful for nozzles designed
for high Mach numbers.15 Also, real-gas effects are more pro-
nounced upstream of point G than downstream where the
flow will have expanded to near ideal-gas conditions. Real-
gas effects can be taken into account in the characteristics
solution as in Ref. 12 and will not be considered hereinafter.

Since radial flow is assumed between points E and B, radial
flow exists between the characteristics EG and AB, and the
contour from point G to point A is a straight line at an angle
a? relative to the axis. Two characteristics solutions are thus
needed, one to determine the throat contour from point H on
the branch line (characteristic from sonic point 7) to point G
and the other to determine the downstream contour from
point A to the theoretical end of the nozzle, point D. The
characteristic CD is a straight line since it defines the begin-
ning of the uniform flow region.

In the following discussion, it is sometimes convenient to
use M and, at other times, the velocity ratio Wt which are
related by

W 2 kM*/(k - 1 + (D
In the radial-flow region, the distance r, measured from the

source, is related to the local Mach number by

(2)
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or to the local velocity ratio by
(r/n)2 = w~l[(k - i)/(k - TF2)](*-D/2 (3)

where n is the value of r when M = W = 1. By differenti-
ating

M' = dM/d(r/ri) = 2M(k - 1 + M*)ri/(k - 1)(M2 - l)r
(4)

or

W = 2W(k - W*
By differentiating again

_ -(M')2[3fe - 3 + 6Af2+ (k - 3)M4]

- 6TF2+W" =

By differentiating one more time

W" -W"[2k + 3 (ft - l)Tf2 + (k -
(TF')3 ~

(5)

(6)

(7)

(W')*W(k -

2 [3 - (k +
_ TF2)(TF2 - l) (8)

This third derivative will be discussed later as a criterion.
On the axis, x = r, since x is also measured from the source.

Furthermore, in the radial flow region,4 the expansion angle
(f/f in radial flow is one-half the Prandtl-Meyer expansion
angle \f/ in two-dimensional flow

2^' = ^ = fc1'2 tan-1!^2 - l)/k]11* - tan~KM2 - I)1/2

(9)
Therefore, the Mach numbers at points E and G, and at points
A and B are related by

to = fa + 2w, tf'* = ^ + 2co

Obviously, if points A and G coincide

(10)

(11)

which is the case for many contours and represents a limiting
condition on the selection of parameters. From flow separa-
tion considerations, co is usually no more than 15°, and a com-
mon value for many nozzles is 12°.

In the throat region, the axial velocity distribution is re-
lated to the radius of curvature Rr* at the throat according to
Hall's transonic solution,9 which is in the form of a series in
l/R and x/r* where x, in this case, is measured from the
geometric throat

__
4R

~i i _
^ l SR

1QT + 57 _ 270872 + 78397 + 14211
288#2 82944#3

9272 + 1807 + 639
1152E2 '

2 7 - 3 137 ~ 27
6

- 577 + 27-)/144 (12)

Hall states that, with the number of terms retained in Eq.
(12) and neglecting higher order terms, his solution is the
same for nozzles with circular-, parabolic-, and hyperbolic-
shaped throats. However, the lack of higher order terms
probably limits its usefulness to regions fairly close to the
throat.

It should be noted that Eq. (12) has been corrected accord-
ing to Kliegel and Levine,16 who found some errors in Hall's
work. They also found that Hall's results could be extended

to lower values of R by using toroidal coordinates. By sub-
stituting the series

£ (13)
into Eq. (12), the comparable series in l/S and x/r* is ob-
tained

W = - — 4- l®7 ~ 15 - 27Q8T2 + 20797 + 2115
4S 28&S2 82944>S3 +

- 9 , \
SS 1152S2

27-3 7 + 1
ias

(zX/r*)3(472 - 27)/144 (14)
For finite values of the radius ratio R, the sonic line is

curved as illustrated in Fig. 1. The sonic point on the axis
is located downstream of the geometric throat by the amount

= 1 /
40#\

4 7 + 2 1 41.272 + 11347 + 1557 \
72R ^ 10368E2 + /

(15)
or, in terms of S

e_ = 1 / _ 4T - 15 41272 + 2707 + 909 , \
^ ~ 4\S\ 72S + 10368S2 +--J

(16)
Equation (15) may be compared to Sauers approximation,17

e/r* = JjSB.
If x is measured from the sonic point I and nondimension-

alized by n instead of r*, Eqs. (12) and (14) may be rewritten
as

W =1 + (x/r.Wi'

where

4- ...
(17)

W," =

(18)

- 2T/3 + (4T
2 - 5T - 81)/96B + . . . ]

(19)

27)/24 + . . . ] (20)
and

Wi'" = (/3ft
or, in terms of S

47 - 3 , 65272 + 157 + 333TTT f \ 7? [ 1 ___ ^ '______" _|_ V/^'" f ' •*•" / I ^"^^ | \

Wi - A t f i l l 24£ -f 6912g2 1- . . . y

(21)

,'i)2[l - 2T/3 + (47
2 - 697 + 15)/96S + . . . ]

(22)

and

W,'" = (A£i)3[(47
2 - 57 7 + 27)/24 + . . . ] (23)

It may be recognized that /3 is the velocity gradient Wi'/Ri
obtained by Sauer (or from a simple one-dimensional analy-
sis) . The work of Sauer was extended by Sims18 for a linear
velocity distribution on the axis. Values of e/r* and Wif/Ri
are compared in Table 1, for the lowest value of R for which
Sims could obtain a solution for 7 = 1.4. As the value of R
is increased, the agreement between the various methods be-
comes better as expected.

Both Sauer and Sims assumed that Wi" and W/'" were
zero. It may be noted that for 7 = 1.4, Wi" = 0 from Eq.
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and Wi'/Ri where

Source

Sauer17

Sims18

Eqs. (15) and (18)
Eqs. (16) and (21)

7 = 1.4 and R

e/r*

0.136931
0.135530
0.127546
0.126662

= 4.0

Wi'/Ri
0.456435
0.428522
0.409088
0.403258

(19) if R = 12.525 and from Eq. (22) if R = 10.525 and has
a maximum positive value of about 0.0012.Ri2 for S = 23.05,
whereas Wi'" « -\A2bRJ/&*. Although the accuracy of
these equations is limited by the number of terms retained in
Hall's series, the value of Wi'" should not be neglected, and
even the value of Wi" is retained in subsequent equations.

Hall also gives expressions for the radial distribution of
both the axial and the radial velocity components in the
throat region. These can be used to obtain the ratio K2 of
the actual mass flow through the throat to the one-dimen-
sional value that would be obtained if the sonic line were
straight:

+ 87 + 21

75472 + 21327 + 2535
2880R2 (24)

This equation has also been corrected according to Ref. 16-
In terms of S

K* = 1 - 96S2
87 - 27

24S +

75472 - 7577+
2880S2 (25)

Equation (25) has been shown16 to give accurate results for R
= 0.625 and lies within Stratford's19 region of suggested true
values for R > 1.0. Equation (25) is used herein to deter-
mine the relationship between r* and r\. Since the same
mass flow passes through the throat and through the area of
the spherical segment of radius r\

A* = 27rn2(l - cosco) - 7rr*2K2 (26)

or
fa = n/r* = 0.5K coc(co/2) (27)

The fourth-degree polynomial that describes the axial
velocity distribution for the throat contour may be written as

W = (28)

where the coefficients and the distance XE = (XE — xj)/r\
are evaluated from the following conditions: at point 7, W
= i, w ' = Wi', and W" = Wi"\ and at point E, W = WE
from Eq. (1), W = WE' from Eq. (5), and W" = WE" from
Eq. (7).
From these conditions

i - XEWjf

= XB*Wi"/2
1) - WE'XE - 3Ci - 2C2

1) + WE'XE + 2Ci + C2

(29)

(30)

(31)

(32)

= 0

(33)

from which XE may be evaluated. The value of xE/r\ is ob-
tained from Eq. (2) for the selected value of ME. Obviously

and
(Wi" - WE')XE ~ 12(WE -

The parameters used to determine the throat contour are
R, co, and ME (or WE)- Although it is not apparent, these
parameters are not completely independent. According to
Hall's statement concerning the applicability of his transonic
solution with the number of terms retained, a criterion was
established for throat contours calculated from the axial veloc-
ity distribution of Eq. (28). Each contour should be ex-
amined to determine not only that its coordinates approxi-
mately follow a circle, parabola, or hyperbola for about one
diam downstream of the throat but also that its second
derivatives in the same region approximate those of a circle
or hyperbola within the accuracy of the numerical methods
used in the solution. For values of co in the range from 8 to
12°, it has been found that this criterion was best satisfied if
the coefficient Cs from Eq. (31) was approximately equal to
WI'"XE*/G where Wi"' was given by Eq. (23). This added
requirement involves the iterative solution of the equation

WI'"XE* + QW!f'XE* + 6(3WV + WE')XE ~
24(WE - 1) = 0 (35)

along with Eq. (33), since XE and either WE or R are initially
unknown. Even with this added requirement, it appears that
R should be limited to values between about 9 and 15 for co =
12°. Typical combinations of values of R and ME are shown
in Fig. 2 for three values of co. As co decreases, the allowable
values of R increase.

For the downstream contour, Cresci6 selected a third-degree
polynomial to express the axial velocity distribution from
point B to point C with the criteria that the first derivative at
point B matched that for radial flow and that both first and
second derivatives were zero at point C. Furthermore, the
contours that he presented were for a Mach number increment
(Mc — MB) of 0.2. If this increment is increased for a given
design Mach number Me, the magnitude of the second deriva-
tive of the velocity distribution, evaluated at the point B, de-
creases until a value is reached that matches the second de-
rivative of the radial-flow distribution. At this point

Wc - W B = - (36)

Cresci's value of Mach number increment was apparently
satisfactory for the 50-in.-diam Mach 8 nozzle described in the
Introduction. However, at high Mc's, if the characteristics
from points B and C are traced upstream to points A and J
(Fig. 1), the distance between points A and J becomes so
small that it becomes practically impossible to machine the
wall contour with the required accuracy. This problem was
dramatically illustrated by Edenfield15 for a Mach 20 nozzle.

For larger values of the velocity (or Mach number) incre-
ment, continuous curvature can be achieved by increasing the
degree of the polynomial describing the velocity (or Mach
number) distribution. With a higher order polynomial, care
must be taken to insure that the second derivative is negative

2.6

2.4

2.2
ME

2.0

1.4

Wj ' from Eq. (21)

W|" from Eq. (22)
W,'" from Eq. (23)

16 20

— XE — (34) Fig. 2 Typical combinations of values of ME and R.
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I 5

12 16 20 24 28 32 36 40 44
Distance from Source, x / r^

Fig. 3 Typical Mach number distributions for Mach 8
nozzle, Mc-Ms = 1.66.

at all points between point B and point C. As Me increases,
the velocity ratio approaches /c1/2, and the increment (We —
WB) approaches zero. Thus, a fifth-degree polynomial in W
may have a second derivative which does not behave as de-
sired for high MVs. Therefore, as in Ref. 5 a fifth-degree
polynomial is used :

M = (37)

where the coefficients are evaluated for the six conditions: at
point £, M = MB, M' = MB' from Eq. (4), and M" = MB"
from Eq. (6); and at Point C, M = Mc, M' = 0, and M" =
0.
From these conditions

Do = MB

(xc - xB)MB'/ri

2 = (Xc -
- 6Di - 3D2

3£2

- 3Z)i -

(38)
(39)

(40)
(41)

(42)
(43)

The total length of the complete nozzle, measured from the
source, is

(44)
+ (xc - xB)/n +

2 sin(co/2)(Mc - Mc^)l/2[

In Eq. (37), the distance (xc — xs)/n is one of the parame-
ters for use by the designer to adjust the length of the nozzle.
Since the point B is at the end of the radial-flow region, xB/r\
is determined from Eq. (2) for the selected value of MB, which
is the other design parameter for the downstream contour to
produce Me- The contours presented by Yu5 are based on

xc — XB = 2(rc — XB) (45)

where re is calculated at Me from Eq. (2), but somewhat more
freedom can be allowed in the selection of parameters. A
typical axial distribution of M is shown in Fig. 3 together with
the resulting distribution along the inviscid contour.

The parameters (XG — xs)/r\ and MB are interdependent
since the second derivative of Eq. (37) must be negative
throughout the range from point B to point C. A thorough
check of the second derivative should be made to insure its
desired behavior. One means at the disposal of the designer
to help insure its proper behavior is to reduce Eq. (37) to a
fourth-degree polynomial by setting D5, Eq. (43), equal to
zero and solving the resulting quadratic equation for (xc —

(xc - XB)/T, = [-3MY/MY'] X
{1 - [1 + 4(MC - MB)MY'/3MY2]1/2} (46)

Equation (46) has a solution only if

Mc - MB < 0.75MY2/(-MY') (47)
Such a procedure places a lower limit on MB and a correspond-
ing upper limit on (xc — xB)/ri, which in turn limits the dis-
tance from point A to point / on the contour. The severity
of such limitations must be left to the discretion of the de-
signer.

After the flow properties along characteristics EG, AB, and
CD are determined analytically at the desired number of
points from radial-flow considerations and along the axis from
the prescribed velocity distributions, the characteristics
method is used to determine the inviscid contours. For the
throat region, the network starts at point E and progresses
upstream. For the downstream section, the network starts
at point B and progresses downstream. In general, the
characteristic network extends beyond the wall contour, and
the wall point on each characteristic can be determined by
integrating the mass flow crossing it until the value is reached
which is the same as that crossing EG (or A B). Downstream
of point C, the integration is from C to a typical intermediate
point K and thence to the wall to determine the location of
point L. Generally, equiangular increments are selected on
the radial flow characteristics and equidistant increments
from point B to point C and from point C to point D. Up-
stream of point E, it has been found desirable to " stack" the
increments closer together as point I is approached in order
to keep the four sides of each individual net approximately
equal. If point P represents the iih point of n segments be-
tween point / and point E, it is suggested that the ratio of dis-
tance IP to distance IE be (i/n)*.

The characteristic network for the throat region terminates
at the branch line IH. The small length of contour from the
geometric throat (point T) to point H is essentially an arc of
a circle of radius Rr* if the throat parameters have been
suitably selected. The equations in terms of S appear to be
slightly better than those in terms of R. The transonic solu-
tion, as described, appears to be incompatible with the as-
sumption that is sometimes made that Mirt = 0. From dif-
ferentiation of Eq. (1), it is found that

i' = [(7 (48)

and

Mi" = [(7 + 1)/2][W + 3(T - W/2/2] (49)
WhenEqs. (18) and (19), or Eqs. (21) and (22) are substituted
into Eq. (49), it is found that MI" > 0 for all values of R for
which the transonic solution is valid. In particular, if Wi"
= 0, then Mi" — 3Mi'2/k. Considerations such as these
were not taken into account in the nozzle designs of Refs. 1,
2, and 12-14, but it would be extremely difficult to assess their
influence on the quality of the flow in the test regions.

After the inviscid contour is obtained in nondimensional
coordinates, each coordinate must be multiplied by a suitable
scale factor (value of ri) determined by the desired nozzle exit
radius.

Boundary-Layer Correction

To each ordinate of the inviscid contour must be added the
boundary-layer correction 6a* sec <j> to obtain the physical
contour of the nozzle. The following discussion will be
limited to turbulent boundary layers. Although there are
now considerably more experimental data on hypersonic
boundary layers than were available approximately ten years
ago when the first AEDC nozzle was designed, much more
data are needed for accurate prediction of the boundary-
layer growth, particularly at the higher hypersonic Mach
numbers. Many correlations have been attempted to trans-
form compressible data, obtained under conditions of heat
transfer and longitudinal pressure gradients, to an equivalent
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incompressible case. For wind-tunnel nozzles, the main cor-
relations desired are the form factor H = d*/6 and the skin-
friction coefficient as a function of Reynolds number based
on momentum thickness 6 or distance x measured from a
selected starting point.

The method to be described is based on obtaining a solution
to the von Karman momentum equation written in the form

Sym

de
dx'

2 - M* + H
_M{1 + [(7 - 1)/2]M2

dM
dx y dx] 2

(50)

which is a differential equation of the form, 6' + 6P = Q. In
the solution of this equation, it is assumed that the values of
Mj y, and $ = iftcr^dy/dx) are those obtained from the
inviscid solution as functions of z. If values of H and C/ can
also be found as functions of x (or functions of 6 through
iteration), Eq. (50) may be integrated numerically through
repeated applications of the parabolic technique of integra-
tion

n-tBn-*' + Gn-lBn^ + ftA' (51)

where

and

Gn-2 = (2s - 0(* + 0/6s (52)
Gn-i = (s + ty/Qst (53)

Gn = (2t - s)(s + 0/6* (54)

en' = (dB/dx)n = Qn- PnBn (55)
The integrating factors, Eqs. (52-54), reduce to the easily
recognized values of Simpson's rule if s = t. Equation (51)
assumes that only the nth values of 6 and 6' are unknown, so
that

Bn = (Bn GJ>n)

(56)
The integration is started at the throat (n = 1) where it is

assumed that BT' = 0 and BT = QT/PT. At the throat, PT =
(2 + H - MT^(dW/dx)T/WT) where9

W T = 1 + 1/4R - (147 + 15)/288#2 +
(2364T2 + 41497 + 2241)/82944#3 + . . . (57)

and

(58)
(dW/dx)T = (j8/r*)[l

(6472 + 1177 + 54)/1152#2

or, in terms of $16

WT = 1 + 1/4/S - (147 - 57)288S2 +
(236472 - 39157 + 1 4337 )/ 829445 3 + . . . (59)

and

(dW/dx) (X/r*)[l
(6472 1177 ~ 1026)/1152#2 (60)

At point H, (n = 2), the value of 6' is obtained by assuming
that BE' = *0*/(* + 0 and that (BH - BT)/(Bs - BT} =
s2/(s + O2; i-e-> ^fte parabola through the first three points is
symmetrical about the vertical axis through point T. In
general, the interval XH — XT is considerably greater than
the succeeding interval found from the characteristics solu-
tion. The form of the momentum equation, Eq. (50), and
its solution are predicated on the assumption that the
boundary-layer displacement thickness 6* = HB is small com-
pared to the nozzle radius. As indicated in Ref. 20, a trans-
verse curvature correction can be applied to 5* to give an

1.0r
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0.2

0 0.2 0.4 0.6 0.8 1.0
u/u e

Fig. 4 Boundary-layer temperature profiles.

axisymmetric displacement thickness

5o* = 5* + (5*2 + y2 sec20)1/2 - (61)

The evaluation of H involves some considerations of the
boundary-layer temperature profile which may be approxi-
mated by the relation

T." Tw
To- Tw

&w- Tw)/u
- Tw

- a(Taw - Tw) - ! (62)

where a is, as yet, an undetermined factor. If a = 1, Eq.
(62) becomes the familiar quadratic of Crocco modified in an
attempt to account for heat transfer and for Prandtl numbers
other than one. If, on the other hand, a = 0 or Tw = T&vf,
Eq. (62) becomes parabolic

(T. - TW)/(T0 - Tw) = (63)

Intermediate values of a between 0 and 1 can be found such
that Eq. (62) will fit several of the NOL temperature profiles
presented in Ref. 21. On the other hand, Eq. (63) seems to
fit better the temperature profiles measured in the AEDC
hypersonic tunnels as shown in Fig. 4. Also shown in Fig. 4
is the temperature profile from Ref. 22 obtained in the gun
tunnel at the University of Southampton. Although Eq.
(63) fits these data quite well, it is much too simple an equa-
tion to be used close to the wall to correlate heat-transfer
data. Neither can it be used to correlate the overshoot in
local stagnation temperature found near the freestream edge
of a boundary layer on an adiabatic wall. Equation (63) is
useful for relating H with an equivalent incompressible factor
Hi. By definition

peU

and

Ue/Pe

In Stewartson's transformation23

pQaQdY = pdedy and OQU = aell

(64)

(65)

(66)
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Fig. 5 Variation of form factor with Mach number.

In the boundary layer

(T, - T)/(TQ - Te) = (67)

If Eqs. (62, 66, and 67) are substituted in Eqs. (64) and (65),
the relationship

H
is obtained where by definition

(68)

The influence of the value of a on values of H is illustrated
in Fig. 5 for an incompressible value, Hi = -f-. For the adi-
abatic wall case where a has no effect, H increases rapidly
with increasing M , and values calculated from Eq. (68) agree
with those tabulated by Persh and Lee.24 For a typical
hypersonic wind tunnel where the test section wall tempera-
ture is approximately 540 °R and the static air temperature is
about 90°R, the value of H is independent of M if a is zero.
Values of H determined experimentally in the AEDC tunnels
tend to confirm this lack of a Mach number effect.

Fortunately, there appear to be compensating effects in the
solution of Eq. (50) such that high values of H (for a = 1)
combine with low values of 6 to give values of 5* that are only
a little higher, but consistently so, than those obtained when
the parabolic temperature distribution is used.

In the determination of the compressible skin-friction co-
efficient from an equivalent incompressible value, use is made
of the reference temperature concept. It is assumed that

(T'/Te)Cf = C f i = 0.0773/(log R&i + 4.563) X
(logff,,- 0.546) (70)

where

R6i = (71)

and the relationship between Cfi and R0{ is equivalent to that
developed in Ref . 8 if the incompressible Reynolds number is
based on momentum thickness. Equation (71) is Coles' law
of corresponding stations.25 The value of the incompressible
form factor is related8 to Cfi by

[1 - 7(C/i/2)i/2]- (72)
In the solution of Eq. (50), an initial value of Re or Rei is as-
sumed to obtain C f i , Cf, and H. The calculated value of 6 is
used to obtain a new value of Re, and the process is iterated
until the desired convergence is obtained.

The one remaining quantity which requires definition is the
reference temperature T'. In general, the equation for T'
may be written in the form

M

6
8

10

Rxe X
10 ~7

8.2
5.9
5.5

50*(exp),
in.

1.51
2.37
3.25

S«*CF'),
m.

1.37
1.96
3.01

8a*(Fc),
in.

1.48
2.06
3.13

Various authors26"28 have suggested different values for the
coefficients. For this form of the equation, the values sug-
gested by Monaghan28 become

i = 0.54, £2 = 0.16 (74)

In addition, the factor Fc of Spalding and Chi29 may be used
as the ratio T'/T9 in Eqs. (70) and (71), although their factor
for Reynolds number is different than that in Eq. (71). It
may be noted that Fc was derived using the quadratic form
(a = 1) of Eq. (62). When the parabolic form, Eq. (63) was
used to derive a modified value of FC) it was found that such a
modified value was independent of M in that it was a function
only of Tw and Te and appeared to give too much weight to Te.

Comparisons of some experimental results, measured near
the end of the AEDC nozzles, with calculated values are given
in Table 2.

It can be seen that values calculated using Fc are consis-
tently higher than those calculated using Monaghan's T' and
agree better with the experimental values. The maximum
discrepancy is about 17% for this range of conditions. Other
combinations of factors were also tried in an attempt to im-
prove the correlation. In particular, use of the Reynolds
number factor of Spalding and Chi29 gave consistently higher
values of Rei than Eq. (71) with resulting lower values of 50*.
Also, as mentioned previously, the use of a = 1 in Eq. (68)
gave consistently higher values of 5a*.

Certainly more work is needed to improve the accuracy of
predicting the boundary-layer growth in hypersonic nozzles.
Also, more experimental data are needed, not only near the
end of the nozzle but also along the nozzle where the
boundary-layer correction has the greatest influence on the
Mach number gradient in the test region.

Concluding Remarks

Obviously, one particular operating condition (Reynolds
number) must be selected for determining the correction to be
applied to the inviscid contour. However, most wind tun-
nels are operated over a range of Reynolds numbers of the
order of ten to one. The quality of flow in the test region
should, therefore, be best near the design condition with some
deterioration at other conditions. It is believed that this
deterioration can be minimized by keeping the curvature of
the contour continuous as described and by making the Mach
number increment from point B to point C as large as feasible.
Unfortunately, the expense of fabricating nozzles precludes a
systematic experimental determination of an optimum nozzle
design. Furthermore, lack of precision in the fabrication can
often mask improvements which the designer hopes to achieve
in the inviscid contour and/or the correction applied thereto
to account for the boundary-layer growth. It is believed that
adherence to the design techniques described will result in a
satisfactory nozzle design.
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